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Abstract. – A framework for a consistent description of the correlation eﬀects along poly-
mer chains subject to ﬂow is proposed. The formalism shows how correlations between chain
segments in the ﬂow can be incorporated into a hierarchy of distribution functions for tangent
vectors. The present description allows to take into account all the relevant relaxation mech-
anisms for slow ﬂows. Special cases of the derived set of equations are shown to yield some
existing models and shed some light on the connection between them.
During the last three decades, a lot of attention has been paid to the ﬂow and constitutive
modelling of complex ﬂuids, in particular, polymer melts. Polymer dynamics is almost com-
pletely governed by the topological constraints imposed by the long molecules on each other
—entanglements. A very successful, yet simple, relaxation theory formulated by Doi and Ed-
wards (DE) [1] makes use of the tube notion, which comprises all the restrictions imposed on
the test molecule by its environment. The chain, described in terms of a primitive path, is free
to move along the tube; in this way, tube segments are created or abandoned at the free ends.
This motion, reptation, serves as the major relaxation mechanism in the DE theory [1], which
explained a lot of polymer ﬂow phenomena, but at the same time failed to reproduce certain
features, especially in fast ﬂows. In turn, modiﬁcations of the original theory have been pro-
posed to account for chain stretching [2,3], ﬂuctuations [3,4], and constraint release (CR) [3,5].
The CR mechanism is very important conceptually, because it allows motion of the chain
segments “perpendicular” to the tube if one or more entanglements are removed. CR arising
from the thermal motion of the surrounding chains was mentioned by Doi and Edwards,
but its eﬀect was estimated to be negligible. However, as ﬁrst described by Marrucci [5],
another type of CR occurs in ﬂowing melts. The tube is aﬃnely deformed by the ﬂow, but
the primitive path itself tends to retain its original length by continually retracting within the
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tube. While slipping “along itself”, it may release some constraints on the chains around it,
which, in turn, get more freedom to move. This relaxation mechanism, convective CR (CCR),
is very important for the nonlinear response of polymer melts: one of its great successes is
the elimination of the nonmonotonous shear stress vs. shear rate behavior present in the DE
theory, but never observed in experiments.
In the original treatment of CCR by Marrucci, the overall relaxation time of the chain
τ has been estimated as 1/τ ∼ 1/τd +W , where τd is the reptation time (i.e., time needed
to renew the conformation by reptation) and W is proportional to the ﬂow rate and, in
fact, corresponds to the CCR rate, so that 1/W is an average lifetime of an entanglement.
This modiﬁcation allowed to improve theoretical predictions substantially and, in one form
or another, is present in many other theories. However, physically it is not obvious why
τd, which characterizes spatial relaxation of the whole chain, should be corrected by the one
constraint removal time 1/W , which corresponds to relaxation of one primitive path segment
only. Alternatively, the more sophisticated (C)CR treatment by McLeish and coworkers [6–8]
is based on a more detailed microscopic picture of the relaxation process. It interprets the
relaxation by CR as a sequence of random hops of the segments leading to Rouse motion of
the tube itself. Unfortunately, a clear link between this theory and the DE-like formalism
with corrected relaxation time is not readily established.
As for the existing theories, starting from the original DE consideration, nearly all au-
thors [1–5] make use of an additional assumption about the fast decay of correlations along the
chain. Justiﬁed at the equilibrium, this assumption is doubtful in the presence of ﬂow. Thus,
there is a need for a theory, in which this assumption either is not present or can be checked.
This letter’s goal is to build up a microscopic framework incorporating some of the existing
theories of nonlinear polymer dynamics and, at least in principle, allowing for a more detailed
description. We restrict ourselves to inextensible chains and try to avoid any additional
hypothesis concerning correlations during derivation of the model. As in the original DE
theory, the microscopic description of the dynamics is based upon a stochastic equation for
uˆ(s, t) —the tangent vector to the primitive path: if Rˆ(s, t) describes the spatial conformation
(primitive path trajectory) and s is the curvilinear distance of the given segment from the
center of the chain of the length L, −L/2 ≤ s ≤ L/2, then uˆ ≡ ∂Rˆ/∂s (all the stochastic
quantities are denoted by a hat sign). On the mesoscopic level, the system is described by
a hierarchy of distribution functions Fn(u1, s1, . . . ,un, sn; t), n = 1, 2, . . ., each giving the
probability that an individual chain has tangent vectors ui at positions si, i = 1, . . . , n. Note
that Fn is a trivial generalization of the “one-point” distribution function introduced by Doi
and Edward [1]. The link between Fn and uˆ(s, t) is established by the relation
Fn(u1, s1, . . . ,un, sn; t) =
〈
n∏
i=1
δ [ui − uˆ(si, t)]
〉
, (1)
where 〈. . .〉 denotes ensemble averaging. To proceed, we ﬁrst show how this approach can be
applied to the DE model in the absence of CR. The stochastic equation for uˆ (see, e.g., [1]),
uˆ(s, t+∆t) = uˆ(s+∆ζ, t) + ∆t
[
Kuˆ(s, t) +
∂
∂s
(
uˆ(s, t)
∫ s
0
dx ξˆ(x, t)
)]
, (2)
includes reptation, described by the Gaussian noise term ∆ζ with 〈∆ζ2〉 = 2Dct, convection,
and retraction with rate ξˆ = −K : uˆuˆ along the chain, where K is the velocity gradient tensor.
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Derivation of an equation of motion (eom) for Fn based on (1) and (2) is quite straightfor-
ward, although a bit lengthy. Here, for the sake of shortness, we present the ﬁnal result only:
∂Fn
∂t
= Dc
(
n∑
i=1
∂
∂si
)2
Fn +
n∑
i=1
∂
∂ui
[ui(K : uiui)Fn −KuiFn] +
n∑
i=1
(K : uiui)Fn −
−
n∑
i=1
∂
∂si
∫ si
0
dx
∫
dv (K : vv)Fn+1(u1, s1, . . . ,un, sn,v, x; t). (3)
In the derivation, no additional assumption has been made, so the result (3) is exact in the
framework of (2). An important feature of (3) is that the evaluation of the n-point distribu-
tion function Fn requires knowledge of Fn+1: this situation is typical for systems involving
many-particle interactions (see, e.g., Bogolyubov’s set of equations in the statistical theory
of simple ﬂuids [9]). The DE’s closed equation for F1 easily follows from (3) if one assumes
no correlations to be present. Then F2 reduced to a simple product of one-point distribution
functions F1. This is the simplest closure relation possible for (3). More sophisticated closures
are needed to grasp the correlation eﬀects as will be discussed later on.
The set of equations (3) still lacks an important nonlinear relaxation mechanism: (C)CR.
To incorporate it into the model, we follow the approach by Likhtman et al. [6], who treat
a CR event as a random hop of a chain segment. This yields Rouse-like motion of the tube
described by ∂Rˆ/∂t = (3Wa2/2)∂2Rˆ/∂s2 + gˆ, where W is the hopping (or CR) rate, a
is the segment length, and gˆ is a Gaussian force driving the system towards equilibrium,
〈gˆα(s1, t1)gˆβ(s2, t2)〉 = Wa2δ(s1− s2)δαβδ(t1− t2). Diﬀerentiating the stochastic equation for
Rˆ with respect to s, one obtains a correction to (2) due to this Rouse motion of the tube, and
the resulting terms in the Fn-equation (3) are (“eq” stands for “equilibrium” in the absence
of ﬂow)
. . .− 3
2
Wa2
n∑
i=1
∂
∂ui
[
∂2
∂s˜2
∫
dv v
(
Fn+1(. . . ,v, s˜; t)− F (eq)n+1(. . . ,v, s˜)
)]
s˜=si
. (4)
However, the Rouse motion does not preserve the segment length. To retain its length during
random hops, the chain has to retract from the tube faster or slower than prescribed in the
DE theory. Therefore, we include this eﬀect in the retraction rate ξˆ and write
ξˆ(s, t) = −K : uˆ(s, t)uˆ(s, t) + ξCR(s, t), (5)
where ξCR(s, t) describes retraction due to hopping of the chain; it will be calculated from the
condition 〈uˆ(s, t)2〉 ≡ 1 further on. Note the absence of a hat upon ξCR —we assume it to be
a universal function for all the chains. The modiﬁed ξˆ (5) should be used in (2) as well. It
leads to an additional contribution to (3):
. . .+
n∑
i=1
[(∫ si
0
dx ξCR(x)
)
∂Fn
∂si
− ξCR(si) ∂
∂ui
(uiFn)
]
. (6)
Finally, the CR rateW is determined self-consistently: it is proportional to the frequency with
which one chain end retracts over a distance of the tube diameter, i.e. W = −(2CW /L) ×∫ L/2
0
dx〈ξˆ(x, t)〉. Here CW is a numerical constant, which can be interpreted as the inverse
number of chains which have to retract to remove one entanglement [6].
Equations (3), (4), (6) form a basis for studying the dynamics of linear polymers. They
describe relaxation due to reptation, retraction, and (C)CR and take into account correlations
between diﬀerent points along the chain. Chain stretch has been neglected making the model
applicable to ﬂow rates not higher than 1/τR, where τR is Rouse (stretch relaxation) time.
Contour length ﬂuctuation (CLF) eﬀects will be brieﬂy discussed later on.
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Eom for two-point correlator. – The quite general set of eom’s for the Fn is hardly
tractable. Moreover, computationally it is much more convenient to deal with correlators
instead of the Fn’s themselves. Traditionally, one would focus on the orientation tensor S(s) ≡
〈uˆ(s, t)uˆ(s, t)〉 [1] which contains enough information to predict the rheological properties.
However, the presence of (C)CR makes it impossible to write an equation for S in closed form
(for a more detailed discussion and physical interpretation, see [7]). Instead, the more general
two-point correlator G(s1, s2; t) = 〈uˆ(s1, t)uˆ(s2, t)〉 can be used: this quantity forms the basis
of the microscopic theory proposed in [6, 7]. In what follows, we show how the cited theory
can be obtained as a special case of the present approach and follows from a certain closure
approximation for F3.
Omitting the algebra, we just highlight the most important steps of the calculation. The
eom of the tensor G is obtained from (3) for F2 by multiplying it by u1u2 and integrating
over them. Apparently, it will not be closed because of the presence of F3. To deal with
that, one can approximately express F3 in terms of F1 and F2. In some sense, a similar situa-
tion is encountered in the statistical theory of simple ﬂuids. There, for instance, Kirkwood’s
superposition approximation is used yielding a closed equation for the pair correlation func-
tion [9]. In our case, the simplest reduction fulﬁlling the symmetry conditions and the identity∫
F3 du3 ≡ F2 reads as
F3(A1, A2, A3) = F1(A1)F1(A2)F1(A3) +
∑
{(i,j,k)}
(F2(Ai, Aj)− F1(Ai)F1(Aj))F1(Ak), (7)
where Ai denotes a pair ui, si and the summation is conducted over a cyclic permutation of
the indices {(i, j, k)} ≡ {(1, 2, 3), (2, 3, 1), (3, 1, 2)}. The resulting equation for G(s1, s2; t) is
∂G
∂t
= Dc
(
∂
∂s1
+
∂
∂s2
)2
G+KG+GKT−[K :G(s1, s1; t)+K :G(s2, s2; t)]G−
−
[∫ s1
0
dx (K :G(x, x; t)−ξCR(x))
]
∂G
∂s1
−
[∫ s2
0
dx (K :G(x, x; t)−ξCR(x))
]
∂G
∂s2
+
+ [ξCR(s1)+ξCR(s2)]G+
3Wa2
2
(
∂2
∂s21
+
∂2
∂s22
)(
G(s1, s2; t)−G(eq)(s1, s2)
)
, (8)
which is strikingly similar to the one by Milner et al. [7]. The only essential diﬀerence is that we
did not assume the retraction rate to be constant and explicitly separated its component ξCR
due CR. In principle, the analysis presented in [6,7] can be done starting from (8). However,
it turns out to be beneﬁcial to introduce new coordinates v = (s1 + s2)/2, w = s1 − s2 and
rewrite (8) for the tensor G˜(v, w; t) ≡ G(s1, s2; t),
∂G˜
∂t
= Dc
∂2G˜
∂v2
+KG˜+ G˜KT −
[
K : G˜(v + w/2, 0; t) +K : G˜(v − w/2, 0; t)
]
G˜−
−
[∫ v+w/2
0
dx (K : G˜(x, 0; t)− ξCR(x))
](
1
2
∂G˜
∂v
+
∂G˜
∂w
)
+ ξCR(v + w/2)G˜−
−
[∫ v−w/2
0
dx (K : G˜(x, 0; t)− ξCR(x))
](
1
2
∂G˜
∂v
− ∂G˜
∂w
)
+ ξCR(v − w/2)G˜+
+
3Wa2
2
(
1
2
∂2
∂v2
+ 2
∂2
∂w2
)(
G˜(v, w; t)− G˜(eq)(w)
)
. (9)
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Expression (9) allows us to establish a link to the theories dealing with the equation for the
orientation tensor S(s, t): the latter is simply equal to G˜(s, 0; t). Hence, an equation for it
trivially ensues from (9) by putting w = 0:
∂S
∂t
=
(
Dc+
3Wa2
4
)
∂2S
∂s2
+KS+SKT−2(K :S)S−
[∫ s
0
dx(K :S(x, t)−ξCR(x))
]
∂S
∂s
+
+2ξCR(s)S + 3Wa2

∂2
(
G˜(s, w; t)− G˜(eq)(w)
)
∂w2


w=0
. (10)
As is seen from (10), G˜ is still present in this expression and, thus, (8) cannot be reduced
to a closed equation for S —a fact qualitatively discussed in [7]. Equation (10), however,
allows one to determine the CR retraction rate ξCR(s) by imposing the condition TrS ≡ 1
and taking the trace of (10). The resulting ξCR can be used in (9).
Furthermore, additional insight can be gained from (10). Let us assume the correlations
within the chain in the presence of ﬂow to be the same as without it, i.e. to make the ansatz
G˜(v, w) 
 S(v)∆(w), where ∆(x) is some bell-shaped function describing correlations in
equilibrium, G˜(eq) = I∆(w)/3 and, thus, having a width of the order of one segment length
a: for illustrative purposes, a simple Gaussian ∆(x) = exp[−πx2/a2] could be taken. Then,
the last term in (10) can be explicitly estimated:
∂S
∂t
=
(
Dc +
3Wa2
4
)
∂2S
∂s2
− 6πW
(
S − I
3
)
+
+KS + SKT − 2(K : S)S −
[∫ s
0
dx K : S(x, t)
]
∂S
∂s
, (11)
where the CR is clearly separated into two distinguishable contributions. The ﬁrst one, rep-
resented by the term 3Wa2/4, acts along with the reptation and takes place on the time scale
of τ1 ∼ L2/Wa2  τd. It describes the time needed to renew the spatial conformation by a
sequence of CR events: 1/W is the time scale of one CR event and the number of hops needed
is of the order of the square number of segments (L/a)2, in accordance with the Brownian
nature of the Rouse motion. The other CR term is characterized by the much shorter time
τ2 ∼ 1/W and, thus, provides a relaxation mechanism active in the nonlinear ﬂows with rates
higher than 1/τd. Physically, it corresponds to the relaxation via rotation of a segment, which
may occur if a constraint is released (the fastest Rouse mode of the tube). In the framework
of the above-mentioned “small correlation length” ansatz, such rotations at diﬀerent positions
are nearly independent of each other. Naturally, the relaxation time of such a process is of
the order of the constraint removal time. This clariﬁes the form of the modiﬁed relaxation
time 1/τ ∼ 1/τd +W , which is used in CCR theories based on short correlation length.
Finally, the numerical solution of (9) can be obtained in a manner similar to [7, 8]. Here
we only point out some diﬀerences with [7], which stem from the diﬀerent treatment of the
total retraction rate ξˆ. For instance, (9) has been solved for a simple shear ﬂow by a ﬁnite-
diﬀerence scheme in real space, thus predicting the transient behavior of the system, as shown
in the inset in ﬁg. 1. After long enough integration, one enters into the steady-state regime.
Exactly as in [6, 7], CW is estimated as the value suﬃcient to remove the nonmonotonicity
of the steady-stress curves. The case CW = 0 yields the original DE theory behavior with
a maximum around shear rate γ˙ 
 1/τd. Note that, strange enough, in the corresponding
computation in [6] this maximum shows up at too high rates —nearly at 100/τd. The accurate
DE limit in our calculation is due to a more consistent treatment of the retraction rate (5).
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Fig. 1 – Dimensionless steady-state stress σxy/G
(0) vs. shear rate γ˙ for three diﬀerent values of CW .
Inset: transient curves for the shear stress and the ﬁrst stress diﬀerence, CW = 0.1, γ˙τd = 32.
Fig. 2 – Steady state σxy (thick) and N1 (thin) vs. shear rate γ˙ for CW = 0.1. Solid lines correspond
to eq. (9), broken lines represent a solution of (11) under the same conditions. Inset: correlation
length ac with (solid) and without (dotted) CR as a function of the ﬂow rate, L/a = 20.
The predictions of the “two-point” approach (9) are compared in ﬁg. 2 to the results
obtained from the much simpler “one-point” equation (11). Both of them completely eliminate
the unphysical maximum of the DE model and give nearly coinciding predictions for the
shear stress σxy. Agreement between N1 curves is somewhat poorer but still (qualitatively)
reasonable. Basically, this implies that τ2 represents the major relaxation mode in the CCR
process. To interpret it physically, let us recall that in the nonlinear regime of the DE theory
(no CR at all) the polymer chain is predicted to be almost completely aligned in the ﬂow
direction and the latter loses its grip so that shear banding occurs. In the presence of the
constraint release mechanism, even the small misalignment of the tube segments due to their
rotational motion (τ2 mode) is enough for the ﬂow to regain its grasp on the chain. Thus, even
the simpliﬁed equation (11) predicts the qualitatively correct rheological behavior, although
the assumption of very rapidly vanishing correlations is questionable.
On the basis of (9) a more detailed description of the inner structure of the primitive path
in the presence of ﬂow can be given. For instance, the single-chain structure factor can be
examined as was done in [7]. Equations (8), (9) contain information about the correlations
between segments, which can be extracted from the decay length ac of the correlator 〈uˆ(0) ·
uˆ(s)〉 = TrG(0, s). As seen from the inset in ﬁg. 2, for relatively slow ﬂows there is essentially
no diﬀerence between ac with or without CCR —chain segments can be treated as being
independent. However, in the “moderate ﬂow” regime γ˙ ≥ τ−1d , where CCR is typically
active, correlations for CW = 0 grow much more rapidly. It supports the fact that in the DE
model the chains become completely aligned with the ﬂow. Constraint release changes the
picture considerably —there are still correlations present, but ac is several times smaller than
without CR. The above analysis leads to conclusions about the validity regions of the models.
E.g., the DE theory [1], which makes explicit use of the assumption about small correlation
length, is not valid for the γ˙ > 1/τd regime. Also the approximations of the type (11) are,
strictly speaking, not valid there —therefore the diﬀerence between the stress curves shown in
ﬁg. 2 is not surprising. In general, the inset in ﬁg. 2 signals that for γ˙τd > 1 correlations along
the chain have to be taken into account and approximations ignoring this fact can be doubtful.
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Concluding remarks. – In this letter we presented a framework allowing for a consistent
description of the correlation eﬀects along a polymer chain under ﬂow conditions. The for-
malism is based on the “many-point” probability distribution function Fn. It allows to derive
some known microscopic models as special cases corresponding to certain closure relations.
The simplest one yields the DE-like theory where no correlations are taken into account. A
more sophisticated closure corresponds to a Milner-like theory for the two-point correlator [7].
The connection between the latter and “one-point” theories of CR is also discussed.
The mechanisms considered above include convection, retraction, reptation, and convective
constraint release. An important mechanism, omitted here for the sake of shortness, but
present in a more complete version of the formalism (work in progress), is contour length
ﬂuctuation (CLF). It allows the chain ends to relax much faster than the inner part and
is especially important for short chains. The mechanism can be incorporated by a proper
adjustment of the diﬀusion coeﬃcient Dc in (3). The simplest way is to make Dc coordinate
dependent in such a way that the corresponding relaxation time is the one of the segment
closest to the chain ends. As a consequence, the famous 3.4 power law [4] for the zero-rate
viscosity can be reproduced and the curves similar to ﬁg. 1 become chain length dependent.
Also, absence of the stretch restricts the model’s applicability to relatively slow ﬂows, γ˙ < τ−1R ,
not faster than the inverse Rouse time. It is a theoretical challenge to include the stretching
eﬀect into (3) in order to extend the validity region of the theory to the fast ﬂows.
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